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ABSTRACT 9. r) {)ﬂ‘

The stability of the interstellar gas to perturbations in the gas
pressure, magnetic field and cosmic ray pressure is discussed from a hydro-
magnetic point of view taking rotation into account. For a particular model,
it is shown that the system is unstable to transverse perturbations in the sense
described by Parker (1966). This result holds true for a uniformly rotating
system bound in a stellar parabolic gravitational well provided only that the
Coriolis acceleration is everywhere less than the stellar gravitational accel-
eration. The tendency for the interstellar gas to drain along the lines of force
into the lowest regions of magnetic field is reduced, but not removed, by ro-
tation. The e-folding time is of the order of the free-fall time under an effec-
tive gravity (g - rQ 2).

The results are derived for a particular model, but their physi-

cal content should be of general validity for all systems.



i. INTRODUCTION

In a recent paper (Parker, 1966), the possible galactic mag-
netic field configurations were discussed from a theoretical point of view.
Both the magnetic field and cosmic ray gas exert pressures of the order of
10-2 dynes cm 2. It was assumed that the intergalactic medium (if any)
exerted a negligible pressure compared to either the interstellar magnetic
field orbthe cosmic ray gas.

It was shown that the interstellar gas, cosmic ray, magnetic
field system, which is held in a stellar gravitational field, was unstable to
a Rayleigh-Taylor instability of such a nature that the interstellar gas tended
to concentrate in "pockets" suspended in the magnetic field. Several possible
configurations were discussed by Parker; e.g., plane and circular geo-
metries, twisted and uniform fields. No matter which particular situation
was chosen, nor how the gravitational field varied--within wide limits-- it
was found that the system was always unstable with a growth time of the order
of the free-fall time.

It occurred to the author that one possible stabilizing influence
which had been neglected was the Coriolis force due to galactic rotation.

The reason that we expect rotation to slow down or stop the instability is that

the Coriolis force will try to eject material from the pockets.
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In order to be specific, we will examine the stability of a
cylindrical two-dimensional atmosphere which possesses an ambient mag-
netic field, Bo(r), whose lines of force are concentric circles about the
origin. Here r is the radial distance from the origin. While this case is
not general, it is sufficient to show the tendency of rotation to stabilize the
system.

The results obtained below show that the Coriolis force will
reduce the rate of instability, but will not stop it. It is shown that the e-
folding time is of the order of the free-~fall time appropriate to an effective

gravity (g - rQZ).

2. GENERAL ANALYSIS
We choose our particular geometry to be an infinitely long
cylinder which we treatas a two-dimensional atmosphere in the sense that
all quantities are independent of Z and depend only upon r and 6 where
(r, 8, Z) are the usual cylindrical coordinates. The ambient magnetic field

can then be written

Bo = (O) 2.00) O> . (1)

e~

The composition of matter in the cylinder is taken to be three-

fold.



1. We assume some cylindrically symmetric spatial distri-
bution of stars exists throughout the cylinder. These stars provide a gravi-
tational acceleration, g(r), which is purely in the radial direction. Apart
from providing the gravity, the stars are assumed to take no part in any
motion.

2. We assume that there is an isothermal distribution of gas
embedded in the magnetic and gravitational fields. This gas has r.m.s.
velocity u in any given direction and an equilibrium mass density Qa (Y') .
Thus, the equilibrium gas pressure is ?O(Y) = (’0 (r) w* . This thermal
gas is assumed to have a sufficiently low mass density that its contribution
to the gravitational field of the system is negligible. In fact, including self-
gravitation would just enhance the rate of instability.

3. We assume that the system also contains a cosmic ray gas
whose equilibrium pressure is Po(r). It is further assumed that the cosmic
ray gas is so hot as to be essentially unaffected by the stellar gravitational
field. Further, we shall be concerned only with perturbations whose phase
velocities are considerably smaller than the sound speed in the pure cosmic
ray gas (~ c/\/3). The volume of a tube of force does not vary to first order

in a perturbation. Hence.

%.%;_P =0 ) (2)



where 6P(r,0,t) is the first order perturbation in the cosmic ray pressure.

In order to include rotation, we assume that the cylinder of
material is rotating with an equilibrium velocity of rotation, Vo(r), which is
taken to be parallel to the unperturbed magnetic field lines. The equilibrium
pressure condition is

(?o ?*‘ i /?'r) + ° = ‘(’o(ﬂ‘ ‘Vf;l’/'-') . (3)
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In the cases which we shall discuss, the cylinder will be on in-
finite, rather than finite, extent in the (r,8) plane. Hence, the perturbation
quantities tend to zero as r >~ o« independently of 8, in order to preserve
physical sense.

The equations of motion for the thermal gas can be written
; L2 +(Tt)ny + Ve ]
(4)
= —V(}>+—'P+- B B/ern) +£T(§‘V)§ -2F -

We introduce a transverse velocity perturbation 6'\3‘ (r, 6, t) = (iSvr ’ 5ve , 0)
and a perturbation magnetic vector potential, § A (r,8,t), which will take to

‘be functions of r, 6, and t only. We also take 65 = 256A where 2 is a unit

vector in the Z-direction. The linearized equations of motion



for the thermal gas then become

Q(ZS{\_”’ +_Q_33 ~2n Svo)
:~9 (g?+g;>) 3 E+’ [ng,;u.lggﬂ a(Y‘B)

Y or Jr R
(5)
W% 4 08 )
fo(}f + .aﬁ‘/@ +3.Q.Sv,,+v‘g? gvy)
3 S +S ’ agg t)(Y‘B
(? P) Fren 90 o ) . (6)

Here 6? is the perturbation to the thermal gas pressure and the angular fre-
quency of rotation, Q , is defined by Vo =rQ.

The conservation of mass is described by

é%+ﬂ%§§ 4-01& by, +r(>[a(r§y) 58'/9] o (7

From Eq. (2), we have that

2P L 0P L6y IR
5t 59 O(Y\ ‘ (®)

We make the assumption that the pressure variations in each element of thermal

gas are adiabatic so that

S Vofh




where y is a constant. Thus

%—%} +ﬂé¢(§f +Svroi& +\0'r"7>o[§%,‘(v‘gv") + 5&/‘9] = 0O
d A o (10)

Since the system under discussion is a two~dimensional atmos-
phere in the (r,0) plane, we must have the net force in the Z-direction
vanishing. Hence

%f =6y B, - 0 Y8R

ot 36 ‘ (11)

In order to exhibit the basic instabilities due to the presence of
rotation, magnetic field and cosmic ray gas, we shall consider three simple
situations.

a) We assume that only the rotating thermal gas is present
and that it possesses a finite pressure.

b) We assume that the thermal gas is completely cold and that
no cosmic ray gas is present. Thus the only force comes from the magnetic
field. This system is allowed to rotate since it is known (Parker, 1966) that,
in the absence of rotation, this system is unstable to transverse waves.

c) We assume that the thermé.l gas is completely cold and that
the magnetic field pressure is an infinitesimal fraction of the cosmic ray

pressure. Thus, the field exerts no force and serves only to couple the cosmic




ray gas to the interstellar medium. In this case, the only force comes from
the cosmic ray pressure. This system is known to be unstable, in the ab-
sence of rotation, to transverse waves, so we allow rotation. We shall see
later that this system is ill-determined in some sense to be specified. This
will result in an inhomogeneous Riemann-Hilbert problem which is extremely
difficult to solve. As a consequence, we will make several restrictive approx-
imations. Nevertheless, it will still be possible to see how rotation alters
this otherwise unstable system.

In all three cases, we assume that the cylinder has constant
angular frequency, i.e., dQ /dr = 0. While this is a restrictive condition,
it simplifies the analysis. It suffices to show how rotation affects the three
systems which are known to be unstable if Q = 0.

We shall consider each of the above situations in turn.

3. THERMAL GAS INCLUDING CONSTANT ROTATION

Here we set B°= S:P=?O =50 =GI‘QAY =0 . Insucha

case, the appropriate linearized equations of § 2 become

d—ﬁ :‘(’o(%‘r—n}> ;

dr (12)

58Vr Sr_ -_.-ag - g
Co(a_t+ﬂ§_a_é‘{_ Q.D.Svs> 57?- 3{3 , (13)
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WV , L OSe 1905y, = _1 98
Y"&a’c 5)9+ v> v£> (14)

c3_$_>f +_§)_a‘£ + gv,olpo Y (, [a rSv,) +()g\/9] - (15)

3_3- +ﬂ3_gf +Sv a'io Y [ (rév,) *Q_%_/Bj -0, (16)
2

We now assume that all perturbation quantities vary as

:F(O exp L{(mO-wt) ] (17)

)
where m is integer and, for instability, we require 4‘44 (W) >0
Making use of Egs. (15), (16) and (17), we can eliminate gfﬁ")
and S(’(Y‘) from Eqs. (13) and (14) in favor of SV,,(V) and SVQ(V) .
From the two resulting equations, we eliminate S Vi (V) ' in favor of
S Ve (V‘) . Upon so doing, it can be shown, after some algebra;, that

gvr satisfies the equation
BV (lhimBr) 8y

+gv [Q'QBP,,f‘”) s Y~ (I+«m8r)
+,\'l/ (Po +X?0Y‘ -{-XPoJ-lMYPor 81'!“46/?” (,q*’S)-lM\(P"BY\)

+gvr Q\Q;)()o +(30Y +ay (30 +on“ +“M/,ogr—l) o
nd (%’/ YR PR im 8P A= i, A +imY¥p, F)/r"J— )(18)
where
HRY = YR A = w3 Ypr?) ey (19)
: )
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(20)

i!‘(()o'\{/z—- MLX:POY'-l)B = W‘X?o 3

V=mld-w (21)

and primed quantities denote differentiation w.r.t.r., i.e.,

!/ __
% = MP%Y ) efC‘
If we set 2 = 0 in Eq. (18) and search for modes with w=,t"' and T large

it is a simple matter to show that Eq. (48) reduces to

b () (4, ~R/p) = O .

(22)

Since the interstellar gas is taken to be isothermal
] '
()o/(o = ?o/‘]Da . (23)

Thus, a marginally stable solution exists if, and only if, y= 1. In fact, if
y< 1, it is well known that the system is unstable.
In the case where Q is finite, we search for marginally stable

solutions in the form
')V zmll-w= -/

and T large. Then it can be seen that Eq. (18) reduces to
[} -—lé
¥ ow (¥-1)=0 (24)
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where use has been made of Eq. (23). Thus, once again, a marginally stable
solution exists only if y= 1. For y> 1, it can be shown that the systemis
stable provided g > rQ 2. This conditional stability arises because

! -2 2

Polpo = - (g r )
#] .
( (25)

It is clear that in order to define the cylinder, we require some
form of central condensation in density. Hence, we require g > rQ 2 at all

. . s 2 .
points if the material is to be bounddlf g<rf , it is clear that we have
infinite density as r = o and this is a non-physical situation.

Having demonstrated that the rotating interstellar gas is stable
by itself, unless y< 1, the obvious question to ask is whether the magnetic
field and cosmic ray gas destabilize this system in the case of constant, but
finite, angular frequency.

To exhibit the basic response of the interstellar gas due to the
magnetic field and cosmic ray gas, it suffices to treat the interstellar gas as
completely cold, i.e. \:12 = 0.

4. COLD GAS INCLUDING ROTATION AND MAGNETIC FIELD

Here, we ignore the cosmic ray gas pressure and the thermal

gas pressure so that we have o= SF = SP: E =D(QAY‘=O .

11
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+$E)

In this case, the appropriate linearized equations of § 2 may

be written

A (E) + B — 4R (g )

(26)

%, ‘

¥V L QdSv, _ _ - 2

(8 0% -2080) < pfpecen (3.7, 5708 o
)

(ag\/e + 2 Jg\/e 4_2&8\/'. =<4ITY‘1-‘agF} a(
Col gt ) / EE a‘rr&)

Q_S_E + 3§ oo T
o a8 TR rplg i) e [io

¥R L 0 XA _
‘a\t ’ a@ BOSVY‘ .

P (28)

(30)

If we again assume that all first order perturbation quantities

vary as
$(r) exp] (w9 - mf}] (31)

we can eliminate all the perturbation quantities in Eqs. (27) through (30) in

favor of 6A(r). Upon doing so, it can be shown, after some algebra, that

6A(r) is determined from the equation

S/) +sA’ (o?r"+8 8- +4"lj B )

- / -

miply ~1 [ -/ - ! -2
41‘(%;“}’ i3, +2J1\p Lar (¥4 B3, B3, )- S’vﬂfowﬁ ]

’”3[41-6 (1 o) e BB e g i, )
+ grﬂ""‘(’o (,Ago?\#)ﬂ (32)

T -
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where, as before,v/':m -,

In order to make a direct comparison with the results obtained
by Parker for this case, in the absence of rotation, we investigate Eq. (32)

under the assumption of constant Alfven velocity. Then

I 5—t /-~
2B, B = Po (’o (33)

\

Use of Eq.(33) in (26) enables us to write

Qo' t 2(’07-’ = - a?(Do V-l(a-' Yﬂ2>

(34)

2 Y
where V = constant = 80 /(4”‘(3,)) .
We further restrict the system by demanding that the distribution
of stars be chosen so that the interstellar gas is bounded in a parabolic gravi-

tational potential well., Then

9= 9, ("/R) . (35)

2
We also require Cjo> Rﬂ in order that the cylinder have some physical

meaning. In such a case, we see that Eq. (34) yields

w) = fe (Rie foxp LV (3R L2r) ]

(36)

Thus the cylinder is of infinite radius. The solution of Eq. (32) required

is that which gives 8A(r) regular atr = 0 and 6A(r) *0as r > .

13




Use of Eqs. (33), (34) and (35) enables Etl (32) to be written

gH”*'SH'(Y"'JFGw‘) +8F? (E—cr‘-mzr'z) =0

% (37)

where '
= Nty 47! -
a=0 V) c=3o(f2\/) (5012-&2)
and 3 '
- _ _ _ - N ~2
b= YV -2q%y z\y '(Q\f—mﬂ) +9,R m2(3,R-2%)(yV) :
The solution of Eq. (37) which is regular at r= 0, is shown in

Appendix I to be

MY L
SRlmantiatxe™ €4 7 ({me Lot s mely = (Gussg)n)

(38)

Here p is one of the two values

: 2\
= (av?) {-ﬁai/mﬂ‘fﬁoﬁ"(% Ql'ﬂz)] } (39)

and 'F' (2, B, y) is the degenerate hypergeometric function. In Appendix I
we have given some of the asymptotic properties of{lF' (a, B, y) for various
limiting values of a, p or y. These properties are x‘nade use of below.

If we choose the lower sign in Eq. (39) it can be seen that, for

b finite, as r - oo we have

14



SAlY) ~ exfb( ):J\jl [“‘ (4/1:+&)J
A (40)

Thus 8§A(r) - 0 as r = o for this p.
If we now look for the behavior of Eq. (38) with w=mlD4./"}

and { real, positive and sufficiently large, we see that

?*"(ZE”‘__) o ‘3&’"‘21’7‘(30'2—1&2) >0
2(gpsa) 2R (4Viur Q)

since (411V2 + 522 ) < 0 because u is the solution of Eq. (39) with the lower

(41)

sign.
For any small enough r, we see that g qu Y‘MQ_XY‘?‘
where >\ >0
Also for any finite, but reasonably large, r, we can always choose

a T such that

B8

" ,
C oy [ MY‘Z'ij\/(I—Q\Q?a;I) ~ —rr/ :( (42)
pmty VR, z 4 5

where

J = J[ﬂ"'+ 49, R(5, 12‘.'&‘)]

. {43)
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Hence, for reasonably large, but finite, r, we can always find a T such

tha
t _leY‘74Vl -'\/(
SAD~N € o M - R 1Y _ - .
e "4 de) "% s . (44)

It is evident from Eqs. (38) and (44) that 6A(r) is well behaved satisfying
5A(0) = 0 and oscillating with decreasing amplitude with increasing radius.
Within the limitation of the boundary conditions, the system is unstable for

sufficiently large, real, positive T  which are given by
= '/
w= mld+ z (45)

The wavelength of the oscillation is increased over its value
r -/
in the absence of rotation by the factor (/" RR A ) /2 . Thus the e-folding
time for a fixed wavelength is increased over that which obtains in the

absence of rotation by the same factor. This result is subject to the condi-

~
tion, 903 Q& .
5. COLD GAS INCLUDING ROTATION AND COSMIC RAYS

In this case we neglect the thermal gas pressure and magnetic

I 4

field in favor of the cosmic ray pressure. Thus we set P,= SFt Bo = ¥/

SR :d%l‘ =O.The appropriate linearized equations of § 2 now become

Vop ()

16



Qo (%—é@”"‘ﬂé‘fr —2QSV9> = _ngf— aSP

36 T )
Y
P (ng *‘—Qa%’e +2&lgv,) =

;
Y35 (48)

;éﬁ F\Qa_g +Sv,(>o'+,,\“(,o L)%(PSV,)F&S\\@:(:O) (49)

. O . (50)
_— a

In this section of the paper, we will again assume a particular

form for the gravitational acceleration

- In fact, we let g(r) be given by Eq.
(35).

It is a relatively simple matter to show that, with all perturbation

quantities varying as

QC(Y)'U e(‘IMQ

(51)
we can write the equation for §P(r, t) in the form
P +40° PEP +21m 09,87 (2- RQ9:1) DSP
— wig? R(1- R0 ;)SP = r0°D* 58?
2 (52)
where
D = ;%—_ +im {2 .
We can simplify Eq. (52) by setting
SPsH = plstyimat -

17



when it follows that

F 42 +2im g R (2R OF

0

att ot* ot
1l RY(-RDy ) cp = v 0127 (97
= Jo b )F = TI2 \ = : (54)
at® Vovr

It can be seen by inspection that, for Q = 0, the solution to
Eq. (54) is indeterminate as far as the radial dependence is concerned. If
we are not to have 2 = 0 as a singular case, it is clear that the appropriate
solution to Eq. (54) must incorporate this indeterminateness for 2 = 0 as a
""boundary condition. "

We must also demand that the appropriadte solution of Eq. (54)
be regular at r = 0 and vanish as r = o since the cylinder is of infinite
extent.

The solution of Eq. (54) which satisfies these conditions is

difficult to obtain. In Appendix II, the general method of finding such a

solution is given. In view of the formidable amount of mathematics involved

in obtaining the required solution, we feel that sufficient physical insight
will be gained if we iterate the general solution of Appendix II by a Neumann
series and terminate the solution after one iteration. This is a valid tech-

nique for small 2. The method of generating this solution is presented in

Appendix III. Such a solution is only approximate, but it demonstrates how a

small amount of rotation alters the instability rate derived by Parker (1966).

18




The approximate solution of Appendix III is

P(rnt)=ar) QXP[o-jc(H RQ* am,m)]

nul PR Y (55)

where

7= () -2 (eRg) —2i0

' (56)

This solution is valid for small 2, large m and reasonably short times.

We see that the system is unstable with an e-folding time given

by
2
otr) = J(%, )x[’* RA™()- L M)] (57)
° 29, M dluy /- '
For large m and provided QL\«G‘(% is reasonably well behaved we see
n
that
P4 -) 2 -/
T() 2 Rmg)™ (1+ R, ) | 8)
In the absence of rotation, the e-folding time, say Z'C') » is
given by

2 ( )"
z = R (mg,
Thus the time scale for instability is increased over the value which obtains

] RD% .
in the absence of rotation by a factor ( ’ -lra-5 30 for weak rotation.

19




2
For strong rotation, but g, >R Q2 we expect (but have been
unable to prove) that the e-folding time will be increased even more than

the value given by Eq. (58).

Within the limitation of the approximations made, we have

shown that this system is unstable.
6. DISCUSSION

The basic point established by the above calculations is that if
the lines of force of the large scale galactic, or spiral arm, magnetic field
are confined by the weight of the interstellar gas, then the gas always tends
to drain downward along the lines of force towards the lowest regions. This
result is true even when rotation is present.

The speed with which the gas drains can be slowed, but not
stopped, by rotation provided only that g > rQZ. The e-folding time for in-
stability is of the order of the free-fall time under an effective gravity
(g - 2).

Since the galactic free-fall time is of the order of 3 x 107 years
we expect that the magnetic field and cosmic ray gas will drive the instability
with a time scale of order 107 - 108 years in regions where RQZ << g, and
slightly longer times in regions where RQZ < g,

20
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APPENDIX 1

We wish to solve

d 6A déA
2 dr

subject to the conditions
i) 8A(r) -0 asr > o ,

ii) S8A(r) is regular atr = 0.

We change variables throughr = £ 2 when (A1) becomes

2
g S5+ "—ZBA (4+238) + 6A( - ct - mE )
at :
Now let
sA= fg) et g ™2
where

4p.2+ 2ua =« c = 0,

Then it can easily be shown that f(£ ) satisfies

2
d d 1
g;—:;_ + -a-gi-[(Zp.+E—a)§+m+1]

+ f [ u(m + 1)+-:i— (am + b)] = 0.

22

(ar+r-1)+6A(b-cr2-m2r y=0

(A1)

(A2)

(A3)

(A4)

{A5)




This equation is simply the equation for the degenerate hypergeometric function.
Since we require that 6A(r) be regular at r = 0 we see that the appropriate solu~

tion to Eq. (A5) is

‘f’(i)zcovxdav(t)( 'E(ém-f-(&*b) , W\“-l

Thus the solution to Equation (A1) which is regular atr = 0 is

SA) = SA MM F (Lmt fust)

3 (gara) ) Ml -(Q/HQ/;_}}@). (A7)

Here BAO is an arbitrary constant and p is the solution of Eq. (A4) for which

§A(r) - 0 asr > .
This value of p is chosen in the text.
Some of the asymptotic properties of the degenerate hypergoemag-

netic function which are made use of in the text are

i) for [N |>> 1, |N[>>1x]|, IN]>> |t], |x|# 0, |arg (¥x)|< 3r /4 and

|arg (\)|< 7 /2 we can write (Grashteyn and Ryzhik, 1965).

Fla,c,x)~ ex/zr' 25+1) X% x|

where

x:—j;_—- (c-za} 2= c-1.
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ii) for [x[ >> 1 and a, c finite, we can write (Erdeyli et. al., 1953)

"T(q) G X) ~ P(C> equ‘c
(a) )

Re (x) = +o0 ;
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APPENDIX II

We wish to solve

54 .L”L \Bﬂé _ 'e _ la'l S
2 14072 602 clomt)=rd (9F
ot? at ot ) 7 wrlgr/ > BV

where
R 2ot - 2R Y |-RA g
L= 2mg,R (2- RA'G3') | c= wrglR (ImRYGT )
subject to the conditions:
i) ?(r,t) is regular atr = 0 5

ii) SD (r,t) = 0 for all finite tas r ~ o 5

iii) in the limit Q — 0)5&1-, t) must be an undetermined function of r but
a determined function of t. This condition is enforced so that the solution of
Eq. (B1) reduces to Parker's (1966) solution in the limit Q2 — 0.

In order to solve Eq. (B1) subject to these conditions, it proves
convenient to define a Green's function. We note that the operator in paren=-
theses on the left hand side of Eq. (B1) is a linear operator in time. For con~
venience we set

4 )
7= & +40%" «bR2 ¢
ot® ot ot ‘ (B2)
We define the Green's function, G(t), and the homogeneous functions \Ifi(r, t),
by

TG(t-t1)= S5(t-t,) , (B3)

1
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and

T\Ifi(r,t) =0, i=1, 2, 3, 4. (B4)

We note that the \Ifi(r,t) are completely undetermined as far as the spatial
dependence is concerned since T is purely a time operator. Thus, we expect
intuitively that the general solution of Eq. (B4) will reduce to the \Ifi(r,t) in

the limit £ — 0. This expectation is substantiated by the analysis.

Making use of Eqs. (B3) and (B4), we see that the solution to Eq.
(B1) can be written
= i 1 2 ¢
30(V,Jc) - E >\J Y.(vt) :mQBD‘ G—(%"f:‘) PN T )t
v r [N
= o otT (B5)
9 - |
That this is indeed the solution to Eq. (B1) can be seen by operating from the
left in Eq. (B5) with T.
Here, the kj are arbitrary constants. We can simplify the problem
of solving this implicit equation for ?(r,t) if we write

4 o
=2 Flst) =r 'L [6
PV, %) JZ‘ I % )= il )I(c‘ﬂ)dﬁ

/. (B6)

where \X(r,t) satisfies the equation

KlnH)- i)q‘ L ¥, _q jﬁ“"fn))((nf.)dﬁ (B7)
Xt 3¢, )

1=

and

q(t-t) = 2°G(tt)
It*

. (B8)
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It is clear that if we can solve Eq. (B7) for\x (r, t) it is a
relatively simple matter to ﬁndjﬁ (r,t) since we only have to perform one
weighted integral of\x (r,t) with respect to time.

§

Even without solving Eq. (B7) it is obvious thatiﬂ = 0 then

q_
P (vt :_QZ‘] )Q' ¥ (v, 1) ; -

and, since the \Ilj(r.t) are completely unspecified as far as their radial de=-
pendence is concerned, so also is SD(r,t).

Thus, the solution of Eq. (B1) given by Eq. (B6) does indeed
reduce to Parker's solution in the absence of rotation (provided, of course,
that \Irj(r,t) = 0 or )\j # 0).

If all the \I!j(r, t) = 0 and/or all the )\j = 0, then the only solution
in the limit Q = 0 is ?(r,t) = 0. This is a rather trivial case. Consequently,
we shall assume that \Ifj(r,t) # 0 forixzz Q2 value including & = 0. (We make
no statement concerning the )\j as yet.)

We do not propose to find explicitly the solution for Eq. (B1) in
this Appendix since we do not know the \Ifj(r,t). We will set up a sequence of
steps such that, once the \I/j(r,t) are specified, a solution to Eq. (B7) can be
found. Thus? (r,t) can be determined.

In order to solve Eq. (B7) we first Mellin transform ?(r, t) and

\Ilj(r,t) w.r.t.r. The Mellin transform is defined by

NE) = [(Aoray

) (B10)
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and its inverse transform ?aﬁ ¥

2t Ay = | MU

ER (B11)

Here ¢§ o is to be chosen so that /\(7) satisfies any appropriate conditions.
In our case these are that '%(Y, t) be regular at r = 0 and vanish as r =~ o for
all finite t.

M) = MHIAWT wd AW =M TNET

Making use of Eq. (B10), it can be seen that Eq. (B7) becomes

MELH -2 fE860 o J§u-u>}<(€ﬂcw,

\5:' af'l A
4517“J f)(\"f,) rf X (Y,Jn)/’qo(f, |, (B12)

X(5,0 =M IXG 0] ad T(50- 1] 007

For simplicity, we shall assume that
Y‘—3 y (T) {7 )

Although Eq. (B13) is not a necessary requirement, it simplifies the analysis.

=0 . (B13)

Y=
Y-

=0

In principle, it is possible to solve Eq. (B12) without the use of Eq. (B13), but

this is a difficult task.

23



If Eq. (B13) is satisfied, we see that Eq. (B12) becomes

50 -2% S0 eyt vt

‘s t"‘  (B1a)

o)

Before proceeding further with Eq. (B14), let us examine G(t - ti) and thus

gt - t,).
It can be seen from Eq. (B3) that
'V‘VQ'FDQ
‘ lw(é ’f‘)d
G(t-t) = @n) )
| (Ucf—é(—l’u%r LR —-c ) (B15)
Wy~

where w has yet to be specified. Since the physical situation demands that

G(t - ti) propagate the solution at 1:1 forward to its value at t, it is clear that

for t, > t we require G(t - ti) = 0. Thus we choose w so that

1 a (t=t))
G(\L'ft) = A=) (4Q3+8ﬂ7q@ +1b ) )bft

= O + <‘:‘ (B16)

where the UI are the roots of
at+4VGr L LQ (B17)
(3 g At —C = O,

Thus we can write Eq. (B14) as

-t
4’ -—
Fs0- 2 NG 6D <3 J SU-E)K(S 4 o,
J =) It o

« (B18)
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We also know that

|
|
st |
— : e i
¥.(r,t) = ;) » 2o (B19) 11
O ) -6<O \):,Dz)g)q'u (
where the cj are again the roots of Eq. (B17) and the aj(r) are completely \
|

undetermined.

Setting A ( £)Y=M] aJ(r)] we see that Eq. (B18) can be written

|
X500 WA
U oS ffj(éf,)}((fé)dt (520)

We note that

Y
G4
__._Z QQ({_'fO [O}?S(('fn)+2qg({"f.)+ M—{('ﬂ
(4G3+ 80~ LR) At )
£ =1 (B21) ‘
where S(x) = 1, >0

9, <o and 6(t) is the Dirac 6~function. Thus Eq. (B20) \

can be writte

(3,6 nf%f‘ B,(3)e 7t \~

q,.
- DTG f)z = -5 AED (%wﬂ‘mim"k
4 ey (4r3+8577rh)>5?) at £ |
Q' gt (4- l
- - '4 Oe 1)
Q=1 (4°23+€ﬂ7r+«m) j} ( ]C(’i)e' )t . (B22) \
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Now it can easily be seen that

\l- A= Z(Qrzf&ﬂ H);Q)

T ¢ (&4-{»4-_912 ﬂ‘oﬂ-? —c) B23)
C 2= (

where the contour C in the complex z-plane is a circle centered on the origin
of infinite radius. But this integral is zero. Then the right hand side of Eq.

(B23) is also zero. Hence Eq. (B22) can be written

K5, (ﬂ[H 2% i@w?i&g Lsz) i > et

:—ﬁ?ﬂg

Uz

57 F(‘)
T T f COREDH, g

Now let us consider

+

2 2
; [ e
(42N (b o) _( (2- )43 +6R' Ul) 95” (B22)

It is clear that ®(z) is an analytic function of z and is therefore

constant. By considering z = o, we see that (z) = 0. Thus

2
Zz O__ez

(e¥+40%* L iLRe-c ) -

(= (z'-q)(‘ifféh&?‘@ﬂ‘ij ) (B26)

for all z. In particular, if z= 0, we see that

= (B27)
= (@38 Ry, b ) )
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Thus, Eq. (B24) can be written

IE - 5 Y’ Mwe"*

--\n'i?(:

g <D 0o

(B 28)
(46‘3 Do+ bN) '
We now Laplace transform Eq. (B28) where
<4

L(35) = -PL

4 > ?) [ ‘é(§) tle Tt , (B29)
R

L ‘é(gf) _f Z_(g PDe

0-(A (B30)

where P, is to be determined so thatA(£ ,t) = 0 for t < 0.

For convenience we write

L(5,5) = ,f[z/gf)]wa €(5¢)= Za[/-f?Pﬂ]

Then we see that Eq. (B28) becomes

XZ,5 |1 &’ii‘ % 0% AT
)?>[+ 2= (P50 (4g3+820% HLJZ)_S Z‘ (p- 6‘2) (B34)

From Eq. (B26) we see that

b Y +

Ny -__3 |
((”Q\@cghgyaﬂm) (P**4-Q1~P2+im]v'c) (B32)

1=\
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Hence Eq. (B31) becomes

SLE
(421 s iw/’@
1l ?‘”4&?*“?{) &

4

rhee Z Ne "4<(E)
E ~72)
X(E) P) =

(B33)

pa
[l * (p4+ 4__51’1;;‘1 +1 l;ﬁ?— <) ] (B34

Hence the general solution to Eq. (B1) under the assumption that Eq. (B13) is

obeyed can be written

?(V)f') = {i) & '&j@ v,t)

+ GrTisd %ﬂoﬁ

== 02 |t ag ap ety T
= . e 2
411 Or | F : Kt AR (B35)
¢ EQ—L\'Q %’(‘W

Thus once we are given the aj(r) it is possible, in principle, to evaluate the

triple integral in Eq. (B35) and hence to find the j«r,t) which has the required
properties as r—~ 0, T —~ o, and vanishes for t< O for all r. Such a ?(r,t) is
found by choosing § o and P, appropriately.

If Eq. (B43) does not hold, the simplest method of solving Eq.
(B1) is to treat Eq. (B12) as an inhomogeneous Carleman integral equation and
then solve the corresponding inhomogeneous Riemann-Hilbert problem. Should

such an approach be required, the reader is referred to Muskhelishvili (1953).
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APPENDIX III

For small 2 and \Ifj (r, t) #Dwe can approximate to the solution

of Eq. (B1) byq_

Pint) — ZXJ F(q 1)

imﬂza[\,(f-f) T bty +O(ﬂ“‘)

0'6 (C1)
!
where 4
Z 2 (t-¢))
G({'{:t) = =) (4’023-0-8&202 +(E.f).> ) t >fl
| (C2)
O ) t d\
Also, we know that
g.t
¥o(r, 1) = aj(r)e J (C3)
Thus
Pply, ) - Z XJ J(V‘)ert
+1 ot :
j 7‘>\£2?r (){ LT sy (& - )
Y
Y (4-0'3+8521¢-+|BJZ) & (Q" {)(4_0—3_’_8&6'?“

where the prime on the sum over £ means that the term £ = j is omitted.

Now it is known that, in the absence of rotation, the roots of Eq.

(B17) are just

"l | iy = o),

4




e

Of these four roots only oy leads to an unstable situation. To see how this

particular root is altered when a small amount of rotation is included, we set

] xj=0<j=# 1)

Then Eq. (C4) becomes
Cf{%‘f’)g q‘(Y) eqt ’-‘-ﬂzat"‘a!w)%
Oy

| 2 f("' 67) |
(4—0"34—85170’“5&) Z D —-l j (©3)

=y 0’. Q) 3+gﬂ70’{ﬂm)

For reasonably short times, but not so short that the linear term

in t in parentheses is cancelled by the sum of terms from £ = 2 to 4, we may
write

’ cf(v,ﬂ = q (y) eqf [H— leo‘lt dhma Jwa,(v)
: <4a—\3+w«,mn) Sy J . ©8

To order 2, and m large, this may be written

qo(v,%) = q (v) exP[O‘.‘f ( + PQ‘ 3‘\4“’»/)]

‘*““jo dhan (C7)

where, to order 92, o, is given by

o~ J(W‘?).Q-') - ﬂl\/(’M3°’R> 2082 +O(Jl> (C8)

The solution given by Eq. (C7) is the one made use of in § 5.
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